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In this paper, we propose a novel link-tracing sampling algorithm, based on the concepts from PageRank
vectors, to sample from networks with high community structures. Our method has two phases; (1) Sampling
the closest nodes to the initial nodes by approximating personalized PageRank vectors, and (2) Jumping to a
new community by using PageRank vectors and unknown neighbors. Empirical studies on several synthetic
and real-world networks show that the proposed method improves the performance of network sampling
compared to the popular link-based sampling methods in terms of accuracy and visited communities.
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To characterize large-scale complex network such
as online social interactions, where the global
structure is initially unknown, one should study
the collected network data by link-tracing sampling methods1 . In these methods, one can see
the neighbors of already sampled nodes and make
a decision on which nodes to visit next. However, recent research2,3 indicates that community structures4 in a network, which correspond
to densely connected groups of nodes with only
sparser connections between groups, lead to bias
in the network analysis. To the best of our knowledge, no attempt has yet been made to propose
a sampling method to solve this problem. In
this paper, we propose a novel link-tracing sampling method that takes into account the community structures with limited information about
the network. The main idea is based on the expansion of a given community (which is a node
initially), to include a set of nodes with the highest proximity to the initial node by using the
PageRank (a classic random walk on the graph
with jumping). Simulations on artificial and realworld networks are carried out to evaluate the
performance of the proposed method.

I.

INTRODUCTION

Many real-world systems can be modeled as complex
networks of interacting dynamical nodes. Internet, World
Wide Web, social interactions and biological systems are
only a few examples of such networks. Indeed, we live in
a world of networks. A network is often represented as a
graph with a set of nodes and links. In a social network,
for instance, the nodes represent individuals and links

a) Electronic

mail: mostafa salehi@ce.sharif.edu
mail: rabiee@sharif.edu
c) Electronic mail: rajabi@ce.sharif.edu
b) Electronic

may represent associations such as social interactions.
In recent years, a considerable amount of research has
been done on characteristics of complex networks in various domains. These studies range from the calculation of
simple measurements summarizing structural properties
such as degree distribution5 to the extraction of functional properties such as cooperativity6 . Previous research has revealed that one of the common properties
in many real-world complex networks is the community
structure7 . A network is said to have community structure if there exists densely connected groups of nodes,
with only sparser connections between groups4 . Communities are significant structures in the networks, as they
correspond to real social groups, similarity, or a common
function.
To extract useful knowledge from a network, one
should study the collected network data. However, with
the advancement of technology, today we are confronted
with very large scale networks. For example, Twitter
as the most popular micro-blogging Online Social Network (OSN), has attracted more than 200 million users
worldwide. Moreover, for many networks, their global
structure is initially unknown, i.e. there is no sampling
frame (a list of all elements we can sample from). The
aforementioned factors may prevent access to the entire
data in large networks.
To solve this problem, one can use network sampling
to infer the characteristics of the original network using small number of samples (subsets of nodes and links)
from the network. Therefore, the data that most previous studies use to study the real-world networks were collected by a sampling method8 . Since the gathered data
is often incomplete, studying the accuracy of sampling
methods is necessary to perform accurate network analysis. In the lack of a sampling frame, link-tracing sampling
methods are the only feasible solutions. In these methods, one can observe the neighbors of already sampled
nodes and make a decision on which nodes to visit next.
Snowball1 , Classic Random Walk9 , MHRW (MetropolisHastings Random Walk)10 and RDS (Respondent Driven
Sampling)11 are examples of link-tracing methods.
The essential property of a sampling method that
makes it appropriate for network inference is that its vis-
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FIG. 1: The effect of community structure on classic
random walk; Number of nodes = 200, Sampling rate =
0.4, and Number of runs = 50.

iting probabilities should be known or predictable for all
nodes. This allows sample data to be weighted so that
they accurately represent the network data. A probabilistic sampling method not only makes inference possible;
it also makes it possible to specify how inference uncertainty can be quantified. To this end, an estimator is
used to obtain the network characteristics. An estimator
is a function that takes a summary of the sampled data as
input and provides an estimate of unknown parameters
(refer to Section III D).
Recent studies2,3 indicate that the accuracy of using a
link-tracing method depends on the underlying complex
structure of the network. In particular, they show that
community structures lead to bias in network analysis if
the initial nodes (seeds) are not selected randomly among
all nodes and the number of visited nodes is not enough
to provide uniform random samples. However, according
to our assumptions about the scale of the network and
absence of sampling frame, these conditions may not be
satisfied. The effect of community structures on classic
random walk as a well-known link-tracing method is illustrated by the following example (refer to Figure 1).
Consider a set of nodes V consisting of two communities,
X and Y , of equal size. Let links exist between every pair
of nodes, however within-community links have weight
(1 − w) while between-community links have weight w
where 0<w<1/2. It’s clear that w control the community structure; as w increases, the tendency for withincommunity links decreases. Let variable x is a node characteristic that is 0 or 1 and x(v) is its value of node v.
Let pX and pY denote the proportion of nodes v within
the two communities with x(v) = 1. Since |X| = |Y |, the
proportion of nodes with x(v) = 1 in the entire network
is p = (pX + pY )/2. We measure the error by averaging
the |x − p|, where x is the fraction of sampled nodes with
value 1. As we can see in Figure 1, higher community
structures lead to higher error.
To the best of our knowledge, no attempt has yet
been made to propose a method for sampling the networks with considering community structures. In this
paper, we present a sampling algorithm based on the
PageRank12,13 , called PageRank-Sampling (PRS), to
solve this problem. In a network, links between nodes

can be interpreted as the node’s importance, and PageRank can capture the relative importance of each node
within the network by taking a sequence of random walk
steps starting from the initial node(s). Here, we employ a modified version of PageRank, called personalized PageRank14 , using a specified set of nodes as a seed
vector. Personalized PageRank determines the importance of every node to the seed by using local information and is used to solve the problem of local community detection15,16 . Recently, fine-grained relationships
between nodes that is necessary for applications such as
ranking, was modeled by using Personalized PageRank17 .
The proposed method has two phases. Phase (1): Sampling the closest nodes to the seed node by approximating
personalized PageRank vectors. In this phase, the idea
is based on expansion of a community, which is a node
initially, to include a set of nodes with the highest proximity to the seed nodes. Starting with an initial node,
this iterative process is repeated until the specified number of nodes is collected from this community. Phase
(2): Jumping to a new community by using PageRank
vectors and unknown neighbors. The idea of this phase is
to choose a node with lowest PageRank value and highest number of unknown neighbors, as a candid node that
guides the walker to a new community. We empirically
demonstrate our sampling method improves the performance of the network sampling, compared to typical linkbased sampling methods in terms of accuracy and visited
communities. Moreover, we study various aspects of the
proposed method such as overhead and time complexity.
The rest of the paper is organized as follows. Section II presents related work in network sampling and
local community detection. In this section, we summarize most popular link-tracing sampling techniques and
various community detection methods with local information of graph. The preliminaries are given in Section
III. Section IV presents the proposed algorithm. Section
V provides the performance evaluation, and the concluding remarks are presented in Section VI.

II.

RELATED WORK

Since in this paper we focus on solving the problem
of network sampling by using local community detection
approach, the related work in two areas should be considered: (1) Network Sampling, and (2) Local Community
Detection.

A.

Network Sampling

Network sampling methods are somewhat distinct from
classical sampling methods. In general, there are two
approaches for constructing and analyzing samples of
networks in different fields; the graph sampling and the
model-based sampling.
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Graph sampling, can be categorized into two subgroups according to the amount of available information
about the network graph18 ; the coarse graining methods
and graph exploration methods. In the coarse graining
methods19 , initially the graph of network can be observed
(i.e., the sampling frame is available), and its focus is on
development of a smaller sub-graph of a network such
that the subgraph keeps at least some of the most relevant properties of the original network. In order to
achieve this goal, most existing techniques are based on
the idea of either grouping nodes together or removing
some nodes. These techniques are very common in the
statistical physics literature. On the other hand, reducing the network complexity by graph sampling may cause
some information about the initial network to be lost. In
the second sub-group, graph exploration techniques, the
graph of network is unknown initially, except for some
limited number of nodes (i.e., no sampling frame is available). The focus of these techniques is on deriving sample
statistics for characteristics measured at each node of the
sub-graph sample (e.g., node degree). Graph sampling
techniques in this sub-group are based on the link-tracing
methods. For unbiased estimation of the characteristics
of an unknown network, traditional statistical inference
has to be modified by assigning the appropriate weights
to the values observed at each node in the sample. These
techniques are very common in sociology and computer
science.
In the model-based sampling20 , we initially consider
a probability model with unknown parameters for the
target network. The focus of the techniques in this approach is to use the observed samples from the network
to estimate the model parameters, and to extract the
network characteristics based on this model. The main
challenge in this approach is to specify probability models that adequately incorporate structures of the target
network. Model-based approaches are very common in
mathematics and statistics.
In this paper, we assume that the graph of network
is unknown initially and our goal is to extract sample
statistics for measured characteristics. Therefore, our focus in this paper is on the graph exploration methods.
Random Walk (RW)9 is one of the most important and
widely used exploration sampling methods in different
kind of network contexts such as uniformly sampling Web
pages from the Internet21 , content density in peer-to-peer
networks22,23 , degree distributions of the Facebook social
graph24,25 and in general large graphs18 . A classic RW
samples a graph by moving from a node u, to a neighboring node v, through an outgoing link (u, v), chosen
uniformly at random from the neighbors of node u. By
this process links and nodes are sampled. The probability of selecting the next node determines the probability
that nodes are sampled. In any given connected and nonbipartite graph G, the probability of being at a node u
converges at equilibrium to the stationary distribution
π(u) = deg(u)/2|E|, where deg(u) and E are the degree
of node u and are the set of links of the network graph.

Thus, the classic RW is biased towards node with higher
degree.
Metropolis Hasting technique10 can be used to modify the probabilities of the node selection in RW in order to have the uniform stationary distribution for visiting each node, i.e. π(u) = 1/|V | where V is the set
of nodes. This technique is a general Markov Chain
Monte Carlo method26 for sampling from probability distributions based on constructing a Markov chain that
has the desired distribution as its stationary distribution. This approach, known as MHRW (MetropolisHastings Random Walk)10 , has been applied to peer-topeer networks23 , Facebook24,25 , and Twitter27 .
Alternatively, one can use the unmodified classic RW
method to sample from a graph and correct the degree
bias by re-weighting the sampled values. RDS (Respondent Driven Sampling)11 method presents an approach to
correct the bias11 . In each iteration of the RDS method,
as a Random Walk based sampling method, the walk
selects randomly n neighbours of the current node v as
the next hop node. When n = 1, RDS is equivalent
to the classic random walk. In RDS, nodes with more
neighbours in the graph of network are more likely to
be selected28 . Estimating the probability of visiting each
node in RDS is based on a Markov Chain representation of the sampling process2 . RDS method is an approach in the field of social sciences to sample and inference in hard-to-reach populations such as injection drug
users29 . In these populations, a sampling frame for the
target population is not available. Sampling from complex network with no sampling frame is analogous to the
sampling of hidden population in the social sciences. In
the context of graph sampling, RDS method has been
used for Facebook24 , a variety of synthetically generated
graphs30 , and Peer-to-Peer networks23 .
Maiya et al.31 consider sampling subgraphs to optimize the preservation of community structures based on
concepts from expander graphs. They show that subgraph samples produced by the proposed methods are
more representative of community structure in the original network. However, the selection procedure of next
node in this work is not based on a mathematical framework and one can not compute the probability of visiting
sampled nodes. Therefore, there is no explanation on
how to correct the sampling bias.
Recently, the effect of community structure on the accuracy of sampling by using a link-tracing method has
been studied2,3 . However, to the best of our knowledge,
no attempt has yet been made to propose a method for
sampling the networks with high community structures.
In this paper, we focus on this issue based on a concrete
framework by considering the idea of PageRank in local community detection field. In the proposed method,
we correct the sampling bias by using the approximated
visiting probability of each sampled node.
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B.

Local Community Detection

Detecting communities in networks is very important
to understand the structure, function and evolution in
various areas (such as World Wide Web, social and biological networks). There are two different definitions for
a community within a complex network. One definition
is that a community is a group of nodes more strongly
connected than would occur randomly5,32 . In the second
definition, it’s a group of nodes in which there are more
links between nodes within the group than those outside
of it33 . In this paper, we consider the latter definition.
Although the community detection in a network is
a well-studied problem, it’s still considered as an open
problem. To solve this problem, many methods have
been done in recent years that are based on different
ideas and with various capabilities. One can refer to
references4,34 for a detailed review of the large body of
work in this area. In general, community detection methods can be divided in two categories; Global and Local
approaches. The methods in the former approach35–37
require the knowledge of the entire structure of the network, which is not feasible for some large-scale and dynamic networks (such as current online social networks
and Peer-to-Peer networks).
On the other hand, the main goal of the methods in
the local approach is identifying community structures
by focusing on a portion of the network under study.
Therefore, local community detection methods38–42 provide a means to relieve scalability challenges and lack
of global information about the network. In practice,
such methods start a network exploration process from
a single (or a small number of) seed node(s) and add
an appropriate node from the neighborhood nodes to the
community by considering some quality measures. This
process continues until it is not possible to identify any
other node that should be added to the community. Most
of the above methods only detect non-overlapping communities, i.e., a node can only belong to one community.
Recently, Lancichinetti et al.43 proposed a local community detection method, called the Order Statistics Local
Optimization Method (OSLOM), that automatically detects overlapping communities and hierarchies of communities. This method optimizes a local fitness function
that measures the statistical significance of the detected
communities compared, with respect to a global randomized null model.
Andersen et al.15 study the problem of expanding an
initial set into a community. To this end, they compute the probability distribution of random walk steps
starting from the seed nodes. The idea of this paper is
to sweep across the sorted nodes by a degree-weighted
probability and select the nodes of least conductance as
the community. In another paper16 , the authors propose
a local spectral partitioning algorithm, called PageRankNibble, which computes a personalized PageRank vector
and chooses the least conductive set as the community involving initial set. A personalized PageRank vector com-

putes the stationary distribution of random walks starting from the input seeds. In this paper, we use the idea
of PageRank to perform the local community detection
in the first phase of the proposed sampling method and
iteratively expand an initial node to a community.

III.
A.

PRELIMINARIES
Basic Notations and Definitions

Let G = (V, E) with n = |V | and m = |E| be the
graph representing a complex network, where V is the
set of nodes, and E is the set of unweighted undirected
links between pairs of nodes. Let A denote the adjacency
matrix of G, where A(u, v) = 1 if and only if there is
an link between u and v, otherwise A(u, v) = 0. For a
node v ∈ V , let deg(v) denote the degree of v. let D =
diag(deg(1), ..., deg(n)) be the diagonal degree matrix.
Let S be a sample of nodes where S ⊂ V and G(S)
is the induced subgraph of G based on the sample set
S. That is, G(S) = (S, ES ) where the link set ES =
(S × S) ∩ E. Let N (S) denote the neighborhood of S;
N (S) = {w ∈ V − S : ∃v ∈ S s.t. v, w ∈ E}

(1)

Let U N (v) denote the set of new neighbors contributed
by v (the unknown neighbors of v);
U N (v) = N (v) − S

(2)

∑Let the volume of the subset S be vol(S) =
v∈S deg(v). It’s clear that vol(V ) = 2m. We write
support(p) to denote the set of nodes on the vector p
which it is nonzero, i.e., support(p) = {v|p(v) 6= 0}.
Here, the edge border is denoted by ∂(S) = {{u, v} ∈
E|u ∈ S, v ∈
/ S}, and the conductance of a set of nodes
is given by;

φ(S) =

B.

|∂(S)|
min(vol(S), 2m − vol(S))

(3)

Problem Formulation

Our primary goal in this paper is to consider community structures in developing an accurate network sampling method. We represent community structures in a
network G as a group of disjoint subsets whose union is
the set V . Specifically, suppose V is partitioned into a set
C = {C1 , C2∪, . . . Cr } of r non-overlapping communities,
with union Ci ∈C Ci = V . We select uniformly at
∑random ni nodes from community Ci , as long as ns = i ni ,
where ns is the total number of sampled nodes.
Although there are many possible allocations ni , we
are interested in the optimal allocation that minimizes
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the measurement error. Kurant et al.44 show that if one
is interested in comparing the network properties such as
average node degree, in a sampled network rather than
the entire network, an equal number of samples from every community is needed (i.e. ni = nrs ), in order to
obtain the optimal allocation. In this paper, we impose
the same requirement on the sampled subgraph S, by selecting equal number of nodes from communities in the
original network.
C.

Approximate Personalized PageRank Vectors

PageRank was first introduced by Brin and Page12,13
for search algorithms in the graph of WWW network.
However, it can be defined for any graph as a stationary
distribution of a random walk on that graph. At each
step, with probability (1 − α), the random walk follows a
randomly outgoing link of a node, and with probability
α the random walk makes a jump to a new node chosen
uniformly among all nodes in the network. The jumping
constant α (0 < α ≤ 1), controls the diffusion rate. Traditionally, the value of α is chosen to be 0.1545 . With
smaller α, the random walks spread further from the initial nodes before performing a random jump.
The PageRank of G is defined as the vector pα (s) that
is the solution of the following equation:
pα (s) = αs + (1 − α)pα D−1 A

D.

The selection bias of a sampling method can be corrected by re-weighting of the measured values. This can
be done using the Hansen-Hurwitz estimator49 , i.e. nodes
are weighted inversely proportional to their visiting probability.
Almost all network characterization metrics we are
aware of can be expressed as sums or averages of some
functions. For example, the network size, |V |, is the
sum of the constant 1 function (f (u) = 1 for all u).
The number of copies of a file in a peer-to-peer network
is the sum of the f (f (u) = 1, if peer u has a copy
of that file, and f (u) = 0, otherwise). The density of
nodes with in-degree j ∈ L is the ∑
average of the function
fj (u): avg(fj ) = sum(fj )/|V | = u∈V fj (u)/|V |, where
fj (u) = 1, if in-degree of node u is j, and fj (u) = 0,
otherwise.
For any function f : V → R that defines a nodal
characteristic, the estimator of Equation 5 provides an
asymptotic estimate of the population mean µ of f under some assumptions50 .
n−1
∑

µ̂ =

(4)

Where s is a seed vector that includes initial distribution for starting nodes. Globally, uniform s = 1/n is
considered for computing PageRank. However, an arbitrary distribution s can lead to creation of personalized
PageRank46 . It can be shown that for any starting vector
s, and any constant α, there is an unique vector pα (s)
satisfying Equation (4)14 . Moreover, we write pα (s, u) If
only uth element of s is 1, and 0 otherwise46,47 .
It is infeasible to calculate exact PageRank vectors
for large-scale networks by solving the PageRank Equation (4). The algorithm ApproximateP R(s, ) introduced by Andersen et al.48 can be used to compute approximate PageRank vectors with a starting vector
s. An -approximate PageRank vectors for pα (s) is a
PageRank vector pα (s − r) where the vector r is nonnegative and satisfies r(u) ≤ .deg(u) for every node
u in the network. The approximation error of an approximate PageRank vector on any set S is bounded
by .vol(S)48 .
The analysis of ApproximateP R(s, ) leads to the following conclusion48 :
Theorem 1 for any seed vector s with ksk1 ≤ 1, and
any constant 0 <  ≤ 1, the algorithm computes an approximate PageRank vector p for pα (s). The support
2
of p satisfies vol(support(p)) ≤ (1−α).
, and the running
1
time of the algorithm is O( .α ).
The proposed method uses ApproximateP R algorithm
as a subroutine.

Correcting the bias

i=0
n−1
∑
i=0

f (Xi )
π(Xi )

(5)
1
π(Xi )

Where Xi is visited node on ith draw. All the results
in this paper are presented after this re-weighting step,
whenever necessary.
IV.

THE PROPOSED METHOD

The pseudo code of proposed method, called
PageRank-Sampling (PRS), is shown in Algorithm 1.
This method includes two phases. In the first phase
(inner while loop), desired number of nodes, N C, are
sampled from the current community, Ci . In the second
phase (outer while loop), a new community is selected.
Initially we randomly select a node v and add it to
the sample set S. Subsequent nodes of the sample
are chosen based on the following procedure. First,
N (S), the neighbor set of S, is created. Then, by using ApproximateP R(s, ) algorithm48 , approximate personalized PageRank vector for this set is computed with
1
initiate vector s = [s1 , s2 , s3 , · · · , sn ] such that si = |S|
if si ∈ S, otherwise 0. Then, a node v with maximum
PageRank value which is not selected yet, is chosen. According to the concept of PageRank, this node has the
highest probability among all non-visited nodes to be in
the same community of initial node. This procedure is
repeated until the desired number of samples, N C, are
collected from each community.
Then, in the second phase, PRS jumps to another community. To this end, PRS computes PageRank values
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Algorithm 1 S = P ageRank − Sampling(G, k, t)
Input :
G = (V, E), Neighborhood graph of the network
k, the sampling size
t, the maximum number of communities in G
Output :
S, sampled subgraph
———————————
Ci = ∅, i = [1 · · · t]
i=1
N C = bk/tc
v = random(V )
S=v
while i < t do
while |Ci |<N C do
1
s = [s1 , s2 , s3 , · · · , sn ] s.t. si = |S|
if si ∈ S
P = ApproximateP R(s, )
Select new node u ∈ N (S) with maximum value in P
Ci = Ci ∪ u
S =S∪u
end while
i=i+1
Select new node u ∈ N (S) based on minimization of UPN(u)
(u)
end while

for all gathered samples and their neighbors. Then, the
node that minimize UPN(u)
(u) is selected. This node is an
initiator node for a new community. Note that a node
v with lower PageRank value and higher number of unknown neighbors, i.e. arg maxv∈N (v) U N (v), may lead
to a new community31 .
We use the Protien network (refer to SectionV A for
details) shown in Fig. 2 as a running example to illustrate
the effectiveness of the proposed method. The OSLOM
algorithm43 is employed to extract the communities of
the original network. The sampling set with parameters
k = 18 and t = 6 is given by
S = {{21, 16, 20}, {74, 73, 84}, {12, 11, 1}, {52, 57, 59},
{60, 67, 63}, {66, 89, 90}}
As we mentioned, the essential property of a sampling
method that makes it appropriate for network inference
is that its visiting probabilities are known or estimable
for the sampled nodes. This allows sample data to be
weighted such that it accurately represent the network
data (refer to Section III D). We use the approximation of
visiting probabilities computed by ApproximateP R(s, )
to correct the bias of PRS method.

V.

EXPERIMENTAL EVALUATION

A.

Datasets

To study the performance of proposed method, we consider both synthetic and real-world networks.
Synthetic Networks: We use a well-known benchmark, called LFR51,52 , for generating networks with various levels of community structure. This benchmark is a

FIG. 2: The extracted communities from the Protien
network by using the OSLOM algorithm. Black points
represent overlapping nodes. Specifically, Nodes 52 and
76 are overlapping nodes that shared between the
communities 4 and 5.

special case of the planted l-partition model with heterogeneous distributions of node degree and community size.
The node degrees are distributed according to a power
law with exponent τ1 ; the community sizes also obey a
power law distribution, with exponent τ2 . To control the
level of community structures in the LFR benchmark, we
use the mixing parameter µ, which expresses the ratio between the external degree of a node with respect to its
community and the total degree of the node. A smaller µ
results in networks with higher level of community structures. We assume, for simplicity, that µ is the same for
all nodes.
Real-world Networks: Moreover, we consider some
well-known real-world undirected and unweighted biological, social, and technological networks as test data; (1)
Protein structure53 and C.elegans Metabolic Network54
as examples of biological networks (2) Jazz musicians
network55 , Zachary’s karate club56 , American College
Football57 , and Dolphin Social Network58 as examples
of social networks (3) US Air Transportation Network
(1997)59 as an example of technological networks. Table
I summarizes the details of these networks. All of these
networks are downloadable from the Internet at the web
sites provided by the authors of the original works.
In general, higher average conductances (over the
whole network) shows lower level of community in the
network. Lower conductance of a community rather
than the entire network intuitively implies a bottleneck
between the community and the rest of the network,
and random walks of PageRank tend to stay within the
community60 . According to Table I, Protein and Dolphin have stronger levels of community (Their average
conductance of communities equals to 0.15). Moreover,
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TABLE I: The details of real-world test data. From left
to right, the name of the network, the number of nodes
(N ) and edges (E), the average degree < k >, the
number of communities (Nc ), the average community
size (Sc ), and the average conductance of communities
(φc ). The communities are extracted by OSLOM
algorithm. The corresponding standard deviations are
presented in the parentheses.
Networks
Protein
C.elegans
Jazz
Karate
Football
Dolphin
Airport

N
95
453
198
34
115
62
332

E
426
2025
2742
78
613
159
2126

<k>
4.48 (1.45)
8.94(16.76)
27.69(17.45)
4.59(3.88)
10.66(0.89)
5.13(2.96)
12.81(20.13)

Nc
6
25
10
2
11
2
8

Sc
16.2(5.9)
27.8(31.1)
22.6(9.6)
17.5(2.1)
10.4(2.5)
36.5(7.8)
42.0(58.4)

TABLE II: Kolmogorov Smirnov D-Statistic for degree
distribution in the PRS and RDS sampling methods
compared to degree distribution of original network
(Sampling rate=0.15%, α = 0.05). Each entry in the
table is obtained by averaging the D-statistic over 100
runs per dataset. The corresponding P-values are
presented in the parentheses.
Network
Protein
C.elegans
Jazz
Karate
Football
Dolphin
Airport

φ
0.15(0.08)
0.56(0.16)
0.69(0.12)
0.22(0.02)
0.48(0.08)
0.15(0.13)
0.51(0.22)

PRS
0.36(0.05)
0.06(0.01)
0.38(0.01)
0.32(0.01)
0.18(0.05)
0.44(0.09)
0.15(0.01)

RDS
0.28(0.08)
0.06(0.01)
0.35(0.02)
0.35(0.04)
0.19(0.04)
0.66(0.07)
0.20(0.05)

C.

Evaluation Results

the community sizes of Airport and C.elegans are widely
different (The corresponding standard deviations are 58.4
and 31.1 repectively).

1.

Structural Properties

B.

Structural properties have important effects on the behavior and dynamical properties of networks5,6 , and unless we know something about the structural properties
of these networks, we cannot hope to adequately understand how the corresponding system works. The degree
distribution, P (k), is one of the most important structural properties that provides a natural summary of the
connectivity in the graph of the network. More specifically, P (k) is the fraction of nodes in a network with
degree k.

Experimental Setups

For each dataset described in the previous subsection, by considering the sampling rate, we select the
nodes in the network using PRS and RDS sampling
methods. Since, the proposed method is the only sampling algorithm that explicitly considers the community
structure, we have compared our performance against
RDS as a popular link-tracing based sampling method.
Each method is repeated 100 times on each dataset.
At each step, RDS method selects one random neighbor of the current nodes to be sampled. For the
ApproximateP R(s, ) algorithm, we set the accuracy factor  = 224 . Moreover, the results for PRS and RDS
are presented after the reweighting step (refer to Section
III D). In addition, we utilize the OSLOM algorithm to
extract the communities of the original network. These
communities are used as ground truth to evaluate the
performance of the sampling methods.
To generate the test networks in LFR benchmark, we
set the parameters of the graphs as follow: average degree < k >= 20, maximum degree kmax = 50, the mixing
parameter µ = 0.1, exponents of the power law distributions are τ1 = 2 for degree and τ2 = 1 for community size.
Community sizes are in the range [10, 50]. We have averaged the value over 100 realizations for each value of the
mixing parameter. Moreover, the values of the network
size and mixing parameters are initialized according to
the scenario of test.

We use the Kolmogorov-Smirnov D-statistic, D, to
measure the agreement between the degree distribution
in the original network and the sampled network. The
D-statistic is a relative measure to compare the distribution of the values in the two datasets61 . It is defined as
D = max|F 0 (x) − F (x)|, where x is over the range of the
interested characteristics; F and F 0 are the two empirical
Cumulative Distribution Functions (CDFs) of the data.
A value of D 6 β corresponds to no more than β percentage point difference between CDFs. It is clear that
smaller values of D indicate better fits of the sampling
distribution to the distribution of original network.
As our results in Table II show, the proposed method
nearly provides similar estimation of the degree distributions compared to RDS method. Since the degree distribution is independent of the community concept, it
is not strange that we could n’t find significant improvment by using the PRS. Notice that degree distribution is
best matched in the C.elegans network. Moreover, since
both of the sampling methods are based on the random
walk (that is biased towards node with higher degree),
the sampling distribution can be fitted better to the distribution of the networks with higher average of degree
(such as Airport, and Football).
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2.

Accuracy and Expansion

In the following, we describe the evaluation criteria
that is employed to study the performance of the PRS
method. The accuracy measure is defined as:
1 ∑
Accuracy = 1 −
|(Si − Sc )/Sc |
2p i=1 to p

TABLE III: Accuracy and Expansion of the sampling
methods in the LFR benchmark. The parameters are:
network size N = 1000, mixing parameter µ = 0.1,
sampling rate= 15%, α = 0.05. The corresponding
standard deviations are presented in the parentheses.
µ

(6)

Where p is the number of visited communities. |Si | and
|Sc | are the number of sampled nodes from community
i and the number of nodes which must be sampled from
each community (i.e. N C = bk/tc), respectively. Since
in computing accuracy, the error resulted from sampling
incorrect node is considered twice (for its actual community and the incorrect chosen community), we consider the factor 2 in the denominator. Moreover, we assume that each overlapping node contribute the same
amount to its communities. Accuracy measure ranges
from 0 to 1 with higher values being better. For example, applying the proposed method on Protein network (refer to Table IV),the extracted node from each
communities is: C1 = {1, 11, 12}, C2 = {16, 20, 21},
C3 = {63, 60, 67, 90, 89, 66}, C4 = {52, 57, 59}, C5 =
{52, 73, 74, 84}, and C6 = {}. Moreover, node 52 is an
overlapping node that belongs to communities C4 and C5 .
Then, the accuracy in this example can be computed as
follows
1
3−3
6−3
2.5−3
Accuracy = 1 − 2×6
(| 3−3
3 |+| 3 |+| 3 |+| 3 |+
3.5−3
0−3
| 3 | + | 3 |) = 0.81
We must not only consider accuracy when evaluating our sampling method, but also consider the number
of communities visited in the sample (called expansion
measure). By considering the both measures, we have a
better analysis on the performance of sampling method.
Specifically, we compute the expansion of sampling
method by calculating the fraction of total communities
in the original network represented in each sample, i.e.
p
q where p and q is the number of visited communities
and the number of communities in original network, respectively. The range of expansion is from 0 to 1 with
higher values being better. In the example of applying
the proposed method to Protein network (refer to Table
IV), the expansion measure is equal to 56 = 0.83.
The accuracy and expansion of the PRS and RDS
methods in LFR benchmark is shown in Table III.
As shown, the proposed method outperforms the RDS
method in all the test networks. It improves the accuracy of sampling by 2% to 25% and the expansion by 3%
to 49%. The results show that our method is more efficient than RDS method for sampling from the networks
with higher level of community structure, i.e. lower µ.
The accuracy and expansion of the PRS and RDS
methods in the real-world networks is shown in Table IV.
The most improvement in accuracy and expansion is obtained for the Football network that equals to 43% and
38% respectively. Moreover, the Karate has the max-

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

Accuracy
PRS
RDS
0.83 (0.02) 0.58 (0.02)
0.78 (0.02) 0.61 (0.03)
0.78 (0.01) 0.66 (0.03)
0.79 (0.01) 0.67 (0.03)
0.83 (0.03) 0.71(0.03)
0.86 (0.03) 0.74 (0.04)
0.83 (0.03) 0.76 (0.04)
0.84 (0.03) 0.78 (0.04)
0.81 (0.03) 0.79 (0.04)

Expansion
PRS
RDS
0.66 (0.05) 0.17 (0.04)
0.56 (0.04) 0.23 (0.06)
0.55 (0.03) 0.31 (0.06)
0.58 (0.03) 0.35 (0.07)
0.66 (0.06) 0.42 (0.07)
0.72 (0.06) 0.48 (0.08)
0.67 (0.06) 0.52 (0.07)
0.68 (0.05) 0.57 (0.07)
0.62 (0.07) 0.59 (0.07)

TABLE IV: Accuracy and Expansion of the sampling
methods in the real-world networks. The parameters
are: sampling rate= 15%, α = 0.05. The corresponding
standard deviations are presented in the parentheses.
Accuracy
PRS
RDS
Protein
0.42 (0.09) 0.28 (0.09)
C. elegans 0.53 (0.03) 0.45 (0.04)
Jazz
0.70 (0.04) 0.56 (0.08)
Karate
0.94 (0.08) 0.63 (0.16)
Football 0.92 (0.05) 0.49 (0.09)
Dolphin 0.72 (0.17) 0.58 (0.10)
Airport
0.59 (0.04) 0.40 (0.08)
Network

Expansion
PRS
RDS
0.43 (0.10) 0.30 (0.11)
0.58 (0.04) 0.53 (0.07)
0.87 (0.06) 0.74 (0.13)
1.00 (0.00) 0.75 (0.25)
0.93 (0.04) 0.55 (0.12)
0.92 (0.18) 0.80 (0.25)
0.85 (0.06) 0.67 (0.14)

imum values of accuracy and expansion (94%, 100%),
and the minimum accures in the Protein network (42%,
43%). Notice that the sampling rate has significant role
in the analysis the results. Therefor, in next section we
address this issue.

3.

The effect of sampling rate

We study the effect of various sampling rates (10% to
55%) on the performance of the proposed method by considering the LFR benchmark and real-world networks.
The results is shown in Fig. ??. In general, since the
concentration of our method is on sampling from core of
a network, we have to collect a sufficient number of nodes
to reach a new community. By focusing on the result of
real-word networks, one can categorize the networks into
three group; (1)Declining trend (2)Fixed trend, (3)Rising trend: such as Karate. The first group include the
networks with overlapping nodes that have considerably
higher degree, as compared with the average degree in
the network. We called these nodes effective overlapping area. For example, the Karate network is in this
group (refer to Fig.3a). It has an overlapping node 3
with degree 10 (the average degree is 4.59). The accu-
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(a) Real-World Networks

(b) LFR Benchmark

FIG. 3: The effect of sampling rate on the performance of the PRS method. (a) Real-world networks (α=0.05). (b)
LFR benchmark (network size N = 1000, mixing parameter µ = 0.1, α=0.05).

racy decreases in this group by increasing the sampling
rate.

The second group is composed of the networks with
high heterogeneity in the sizes of their communities. The
Airport and C.elegans can be considered in this group
(refer to Fig.3a). The standard deviations of their community sizes are 58.4 and 31.1 repectively. For the networks in this group, increasing the sampling rate does
not have considerable impact on the accuracy of the PRS
method. This is because of that on the one hand higher
sampling rate leads to sampling more nodes from larger
communities. This makes decreasing the accuracy. On
the other hand,

The networks in third group, rising trend, not only
does not have effective overlapping area, but also their
community sizes are not widely different. The Protein,
Jazz, Football, and Dolphin as examples of this group (refer to Fig.3a). In these networks, the accuracy increases
by increasing the sampling rate. This improvement is
more considerable in the networks in which the average
conductance is lower (refer to Table I for details of the
network conductances). Lower conductances (that shows
higher level of community in the network) leads to more
accurate probability distribution of PageRank between
members of each community. This makes more precise
selection of nodes in a community, then takes a more
accurate decision for jumping to next community performs more accurate. All of this causes the improvement
in the accuracy of PRS method. As we can see in Fig.
3a, the Protein and Dolphin (their average conductance
of communities equals to 0.15) has higher improvement.
Moreover, our result in LFR benchmark (refer to Fig. 3b)
confirm the correctness of this claim. For the lower value
of mixing parameters µ, i.e. higher community level, the
slope of rising trend of accuracy is greater.

4.

The effect of α

At each step of PageRank, the random walk makes a
jump to a random node with probability α. This jumping
constant controls the rate of diffusion. When α becomes
smaller, the random walks spread further from the initial
nodes before returning via a random jump. The results
of our study about the effect of α on the PRS method
in the LFR benchmark are shown in Figure 4. Similar
results are obtained for real-world networks.
In general, the values of α (specifically more than 0.15)
has minor impact on the accuracy and expansion of the
proposed method, because in the first phase of PRS
method, only direct neighbors of initial set (one BFS
level) are considered. Lower value of α leads to more
accuracy and expansion. However, as we will show in
Section V C 7 (refer to Equation 7), the time complexity of running the proposed method has a negative relation to the value of α (i.e., time complexity ∝ 1/α).
Therefore, choosing a suitable value can be considered
as a tradeoff between time complexity and desired performance. Moreover, by increasing α, the probabilities
of the nodes in the PageRank vectors are close to each
other and it is difficult to separate the nodes inside and
outside of the community. Thus, sampling process is performed by only considering the unknown neighbors and
the performance of PRS decreases in terms of accuracy
and expansion.

5.

The effect of t

In the Section III B, we show that sampling an equal
number of nodes from each community leads to obtain
the minimum error for characterizing the network properties in a sampled network rather than the entire network. Therefore, the proposed algorithm takes the actual
number of communities (t) as input parameter to compute the equal number of nodes that should be sampled
from each community. In the situation that the value of
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FIG. 4: The effect of α on the accuracy and expansion
of the proposed method in the LFR benchmark. The
parameters are: network size N = 1000, mixing
parameter µ = 0.1, sample rate = 15%.

t is unkown, we have to approximate it. Therefore, it can
be valuable to determine the sensitivity of the algorithm
to error arising from approximation.
In this section, we study the impact of error in t on
the performance of the PRS method. To this end, a
range of values from t0 = t/2 to t0 = 2t are considered as
the approximate number of communities in the networks,
where t is the actual number of communities. The results
of our study in four LFR benchmark networks with different community level are shown in Figure 5. It can be
seen that the maximum accuracy is obtained for t0 = t,
i.e. an equal number of samples from every community
leads to optimal allocation. Similar results are obtained
for real-world networks (refer to Figure 6 for the Football
network).

6.

Overhead

Visiting each new node in the network sampling has an
associated overhead on resources such as time and bandwidth, and it can be too costly in large-scale networks.
To study this issue, we define the overhead of a sampling
method as the number of visited nodes in the network.
The overhead of the RDS method is equal to the number
of sampled nodes, i.e. its order is O(|S|). However, PRS
method is an algorithm of order O(|N (S)|) where N (S)
denote the neighborhood of S. Moreover, the number of
sampled nodes in PRS method has an inverse relation
with the number of communities in the original network.
In fact, if the network has less number of communities
and sampling rate is high, the value of |N (S)| is much
lower.

7.

Time Complexity

One of the other evaluation factors for a sampling
method is the time complexity. The time complexity

order of RDS method, as a modified version of classic
random walk, is equal to O(|S|). To compute the time
complexity of the proposed method, we consider both
phases. According to Theorem 1, the running time of
|S|
computing the PageRank in the first phase is O( .α
).
In the second phase, we need calculating the number
of unknown neighbors of sampled nodes and computing
their PageRank values. This repeats t times where t is
the number of communities. Let d be the average degree
of a node in the network. The order of finding unknown
neighbors of a node and computing PageRank in the sect
) respectively.
ond phase is O(t.d.|N (S)|) and O( .α
|S|
t
According to .α ∈ O( .α ), the time complexity of PRS
method is:
O(t.d.|N (S)| +

VI.

|S|
)
.α

(7)

CONCLUSION

In this paper, we introduced PageRank-Sampling
(PSR) as an efficient link-based approach to sample largescale, static, and undirected complex networks with high
community structures. The main idea of PSR is based
on the expansion of a given community, which is a node
initially, to include a set of nodes with the highest proximity to the initial node, by approximating the personalized PageRank. We empirically evaluated the proposed
method against the popular Respondent Driven Sampling (RDS), on several synthetic and real-world networks. We showed that the proposed sampling method
outperforms the popular sampling methods such as RDS
in terms of accuracy and expansion.
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